FINITE GROUP ACTIONS ON CURVES OF GENUS ZERO 
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^N) ■ Abstract. We classify, up to conjugacy, the finite (constant) subgroups G of 

, , ' adjoint absolutely simple algebraic groups of type A\ over a field fc, under the 

j^ ' assumption that gcd(char(fc), 2|G|) = 1. 
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1. Introduction 



r ^ ' The finite subgroups of PGL2(C) Iiave been known for over a century: tliese are 

cyclic, dihedral and the so-called polyhedral groups A^, Si and ^5 (see [K156J ). 
Any two isomorphic finite subgroups of PGL2(C) are conjugate. All of the above 
rl^ \ remains true if one replaces C by any algebraically closed field k and asks about 

j^ ' finite subgroups of order prime to char(A:) (see |Se72|, §2.5]). 

Using the above result as a starting point, A. Beauville [BeaulO l classified, up to 
conjugacy, the finite subgroups G of PGL2(fc) over an arbitrary field fc, where \G\ is 
prime to char(fc). Recently, X. Faber [Fall] completed this picture by considering 
the case where |G| is divisible by char(fc). 
J^ \ In this paper, we are interested in studying the finite (constant) subgroups of 

ly-s ' (possibly non-split) adjoint absolutely simple algebraic groups of type Ai over a 

CO \ field k, as well as their conjugacy classes. In doing so, we restrict our attention to 

*/^ ' "good characteristic" : we assume in the sequel that char(A:) 7^ 2 and only consider 

CO \ subgroups whose order is prime to char(fc). 

^D ' It is well-known that an adjoint absolutely simple algebraic group of type Ai 

Cn I over k is of the form PGLi(^) for some quaternion algebra A — {a^b)^^ where 

a,bek^ (see, e.g., |KMRT981 §26.A and 26.B]). Recall that the Dynkin diagrams 
Ai and Bi coincide. This implies that we have isomorphisms 

X: PGLi(^)-SO(g), 

H ■ 

Cu ' where q is the quadratic form (—a, ~b, ab). We will thus be interested in finite sub- 

groups of SO ((7). Theorem 11.11 below classifies these subgroups up to isomorphism 
and Theorem 1 1.21 up to conjugacy. Setting a = 6 = 1, we recover the main results 
of [BeaulOj . 

Over an algebraic closure k of fc, we have that SO(g)(fc) = PGL2(A;). Thus any 
finite subgroup G of SO{q) embeds into 'PGlj2{k), so it must be isomorphic to Z/nZ, 
D2n (the dihedral group of 2n elements), A4, 6*4 or Ac,. 

We will prove Theorem ll.ll in Section[5] Note that the classification of polyhedral 
groups in parts (b) and (c) is hinted at in |Se78] : here we make it explicit. 

Theorem 1.1. Let q — {—a,—b,ab) he a nondegenerate quadratic form and let 

go -(1,1,1). 
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(a) The group D4 = (Z/2Z)^ is always contained in SO{q). Let n > 3, let lu be a 
primitive n-th root of 1, set a = {uj + lu^^)/2 and /3 = a^ — 1. Then the group 
SO{q) contains Z/nZ and D2n */ o,nd only if a Cz k and q represents —j3. 

(b) The group SO{q) contains ^4 and S4 if and only if q c:i qo if and only if (a, b)^ 
and (—1,-1)2 '^^^ isomorphic. 

(c) The group SO{q) contains A^ if and only if v5 € k and g ~ go */ O'lT'd only if 
y/b S k and (0,6)2 and (—1,-1)2 ^''"^ isomorphic. 

We will prove Theorem 11.21 in Section [S] Our argument relies on Galois coho- 
mology techniques, building on the approach taken in [BeaulO]. 

Theorem 1.2. Let q = {—a,—b,ab) be a nondegenerate quadratic form. 

(a) The conjugacy classes o/Z/2Z inside SO{q) are in natural bijective correspon- 
dence with the set D{q) C k^ /k^'^ consisting of nonzero square classes repre- 
sented by q. 

(b) Let Qa,b = {{x,y) G {k^ /k^'^)'^\{ax,by)2 = (a, 6)2}. The symmetric group 
S3 = {s,t\s^ = t^ = (st)^ = 1} acts on Qa.b by setting s ■ {x,y) = [—bxy,abx) 
and t ■ {x,y) — {x,—axy) for all {x,y) G Qa.b- Then the conjugacy classes of 
(Z/2Z)^ inside SO{q) are in natural bijective correspondence with Qa,b/ S3. 

(c) There is at most one conjugacy class of subgroups isomorphic to Z/nZ (n > 3) 
inside SO{q). 

(d) Suppose that D2n is contained in S0(<7) (n > 3). Set f3 — a^ — 1, where 
2a — UJ -\- UJ~^ G k and tu is a primitive n-th root of 1. The set £'((1,-/3)) 
consisting of nonzero square classes represented by (1. — /?) forms a subgroup of 
k^ /k^'^ . The class ^-j^ ■ fc^^ is contained in -D((l, —/?)); le-t C be the subgroup 
generated by this class. Then the conjugacy classes of D2n inside SO(q) are in 
natural bijective correspondence with D{{1, —(3))/C. 

(e) There is at most one conjugacy class of subgroups isomorphic to Ai, Si or ^5 
inside SO{q). 

Note that Theorems 11.11 and 11.21 admit an equivalent formulation in terms of 
finite group actions on curves of genus defined over k. It is well known that 
any such curve X is isomorphic to the quadric associated to some nondegenerate 
ternary quadratic form g, which we may assume to be of the form (—a, —6, ab) for 
some a,b G k^ . The automorphism group Aut(X) is isomorphic to SO{q) (see, e.g., 
|EKM08| Cor. 69.6]). Consequently, Theorem 11.11 classifies the finite groups that 
admit a faithful action on X defined over k, and Theorem 11.21 classifies such actions 
up to equivalence. 

Acknowledgements. I thank Z. Reichstein for reading early versions of this paper 
and making several useful suggestions. 

2. Finite subgroups of SO{q) 

Proof of Theorem \l.ll (a) The first statement is trivial: the diagonal subgroup 
Do C SO(g) is isomorphic to (Z/2Z)^. We assume in what follows that n > 3. It 
suffices to prove that Z/nZ C SO{q) ^ a G k and q represents — /3 => D2n C SO{q). 
Let U G SO{q){k) be an element of order n. By the Cartan-Dieudonne Theorem, 
U is the product of two reflections and therefore fixes a nonzero vector. It follows 
that its eigenvalues over k must be 1, C, C~^, where ^ is a primitive n-th root of 1. 
Replacing [/ by a suitable power of itself, we may assume that (^ — uj. Computing 
the trace of U yields a G k. 
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We claim that q is isotropic over k{uj) = k{\fP). Indeed, over this field we can 
select an eigenvector v oi U associated to the eigenvalue w. Then, we compute 
q{v) = q{Uv) = uP'q{v), whence q{v) = 0. Next, we prove that q is isotropic over 
k{'\f]3) if and only if g ~ (— /?, —7, Pi) for some j & k^ . If (7 is isotropic over k, then 
g ~ (—1,-1,1) ~ (— /?, — 1, /?), so we may take 7=1. If g is anisotropic over k, the 
result follows easily from f EKM08( Prop. 34.8]. This proves the first implication. 

Suppose next that a £ k and q represents —/3. This implies that q ~ (— /?, —7, l^i) 
for some 76 k^ , so we may assume that q is of this form. The matrices 

1 

s= I a /3 

1 a 

are contained in SO{q)(k) and satisfy s" — t'^ — {st)"^ — 1, whence they generate a 
subgroup isomorphic to Z?2n. The proof of this part is complete. 

(b) It is well known that (7 ~ (70 if a-nd only if (0,6)2 ^ (^fj^f)2' ^^ ^^ only 
need to prove the first equivalence. For this, it clearly suffices to prove that A4 C 
SO{q)^qc^qo^S4CSO{q). 

Recall that A4 acts linearly on k^ by rotations on the tetrahedron with ver- 
tices (ei, £2, £162), where e^ = ±1. This representation is irreducible and leaves go 
invariant, i.e., we have a linear representation p: ^4 ^^ SO{qo){k). This implies 
that plgY — p{g)^^ for all g £ A4. Suppose now that we have an embedding 
Tp: A4 ^^ SO(g)(/c), which is clearly also irreducible. Since A4 has a unique irre- 
ducible 3-dimensional representation up to isomorphism, there exists N £ GL3(A:) 
such that tp — N^^pN. Let Mq be the matrix of q in the usual basis. By assump- 
tion, the equality Mq = ipigY Mq ip{g) = N* p{g)-'^{N-^y MqN'^ p{g)N holds for 
all g £ A4, which implies that the matrix {N~^YMqN~^ centralizes ^(^4). There- 
fore, {N~^YMqN^^ is a scalar matrix, which implies that g ~ c-go for some c £ k^ . 
Taking discriminants we conclude that c = 1. 

On the other half, S4 acts linearly on k^ by rotations on the cube with vertices 
(±1,±1,±1) and the corresponding representation has trivial determinant. The 
form go is invariant under this action and therefore S4 embeds into SO (go)- If 
g ~ go, then SO(g) = SO (go) and the result follows. 

(c) Note that ^5 C SO(g) ^ ^4 C SO(g) ^ g ~ go by part (b). Since A5 
contains elements of order 5, it is necessary that (^ + C^^ £ k for a primitive 5-th 
root of unity (, which happens if and only if v5 £ k. 

Conversely, if \/5 £ k, the group A^ acts linearly on k^ by rotations on the icosa- 
hedron with vertices (±iy9,±l,0), (0,±(/3,±l), (±1,0, ±(/3), where 93 = (1 + a/5)/2, 
and this action preserves go. The result readily follows. D 

Remark 2.1. The conclusion in part (a) of the above theorem is independent of 
the choice of uj. Indeed, an easy exercise in Chebyshev polynomials shows that 
(a; + uj^^)/2 £ k and g represents 1 — (a; -I- to^^Y /A = —(a; — oj^^Y /A for some 
primitive n-th root of unity uj if and only if the same holds for every n-th root of 1. 

Example 2.2. Let k ^ Q. A primitive n-th root of 1 is given hy lu — exp(2Tri / n) . 
Recall that ui + uj~^ G Q if and only if n = 2,3,4 or 6. The group SO(g) contains 
Z/4Z and Ds if and only if g represents 1. Moreover, SO(g) contains Z/3Z and Dq 
if and only if it contains Z/6Z and D12 if and only if g represents 3. 
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3. CONJUGACY CLASSES OF SUBGROUPS 

The purpose of this section is to prove Theorem 1.2. We recall the following 
construction for convenience. 

Construction 3.1. ( |BeaulO| §2]) Let G be an algebraic group defined over k and 
let H C G{k) be a subgroup. Fix a separable closure kg of A; and set T = Gal{ks/k). 
Define the pointed set Embi(7J, G'(fc)) as the set of embeddings H =-> G{k) which 
are conjugate by an element of G{ks) to the natural inclusion i: H ^^ G{k), mod- 
ulo conjugacy by an element of G{k). Also, define the pointed set Conj(_ff, G(fc)) 
consisting of subgroups of G(fc) which are conjugate to H over G{ks), modulo 
conjugacy by an element of G{k). 

The centralizer of H in G, which we denote by Z, will be a closed subgroup of 
G defined over k (cf. [BoOTl Ch. 1, §1.7]). The kernel H^{k,Z)o of the natural 
map H^{k,Z) -^ H^{k,G) is isomorphic to Embi(iJ, G'(fc)) as pointed sets. The 
normalizer iV of iJ in G{ks) acts on 1-cocyclcs F -^ Z{ks) in the following way: an 
element n G N sends cr i-> a^ to cr i->- n~^aa(j{n). This (right) action descends to 
H^{k, Z) and preserves H^{k, Z)o. Then there is an isomorphism of pointed sets 
between H'^{k,Z)o/N and Conj(iJ, G'(fc)). 

Now recall that any two isomorphic finite subgroups (of order prime to char(A:)) 
of SO{q){ks) = PGL2{ks) are conjugate. Therefore, the conjugacy classes of finite 
subgroups of SO{q) of the same isomorphism type as some subgroup H C SO{q) 
are in natural bijective correspondence with Conj(iJ, S0((7)(/i;)), independently of 
the choice of H. 

We now state some basic facts about the structure of SO(g). The proofs are easy 
and are left to the reader. In the sequel, we write diag(ai, . . . , a„) for the diagonal 
matrix with entries ai, . . . , a„ along the diagonal. 

Lemma 3.2. Let q — (—a, —b, ah) he a nondegenerate quadratic form. If H is a 
finite (constant) suhgroup ofSO{q), let Z he the centralizer of H in SO{q) and let 
N be the normalizer of H in SO{q){ks). 

(a) Let H = Z/2Z he generated by the diagonal matrix diag(l, — 1, — 1). Then we 
have that 

Z=U '^'^Q^ M ) ^ ^^il)^ M IS a2x2 matnxl ^ 0((-6, ab)) 

and N = Z(ks). 

(b) Let H = (Z/2Z)^ he the diagonal subgroup inside SO{q). Then we have that 
Z = H and N is isomorphic to S4 . Explicitly, if we set u = •^— a and v = \f—b, 
the matrices 






vu 











u 


«-l 









-1 














—u 





-u-^ 






generate a suhgroup N' C SO{q){ks) isomorphic to S3 and N — H ><i N' . 
(c) Let n > 3 and suppose that H = Z/nZ is contained in SO{q). Using the same 
notation from Theorem \1.1\ we may assume that q — {~l3, —7, l3j) and H is 
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generated by the matrix 



1 











a 


/? 





1 


a 



e SO{q), M is a 2x2 matrix) ^ SO{{-j, l3j)). 



Then we have that 

1 

M 

(d) Let n > 3 and suppose that H = D2n is contained in SO{q). As before, assume 
that q — (— /3, —7, P^) and H is generated by the matrices 





( 1 





\ 




1 -1 








s — 





a 


/3 


, t = 





1 







\ 


1 


a / 




^ 





-1 



-1 











1 











-1 



Then we have that Z = Z/2Z is generated by diag(l, —1, —1). Let r/ E kg be a 
primitive 2n-th root of 1 such that r/^ — uj and set C ^ (^ + ^^^)/2- Then the 
matrices 



^ me - 1) 

generate N ^ D^n inside SO(g)(fcs)- 
(e) Let H = A4, ^4 or A^ and suppose that H is contained in SO(g). Then the 
centralizer Z is trivial. 

O 

Remark 3.3. Since any two finite isomorphic subgroups Hi and H2 of SO{q) 
are conjugate over kg, their centralizers will also be conjugate over fc^ (in par- 
ticular, they must be isomorphic). However, they are not necessarily isomorphic 
over k. For a concrete example, take k = M., q = (—1,-1,1), Hi generated by 
diag(l, — 1, —1) and H2 generated by diag(— 1, — 1, 1). A simple computation shows 
that Z{Hi) = 0((-l, 1)) and ^(iJa) = 0((-l, -1)). These groups are not isomor- 
phic; the identity component Z(Hi)° is isomorphic to Gm while Z(H2)° = SO2, 
which is a non-split torus over R. 

Remark 3.4. Suppose we are in the situation of Lemma l3.2f c) with 7 = 1. Then, 
q = {—(3,-1,13) ~ (-1,-1,1) and SO(g) = PGL2, so we are dealing with the 
case studied in |BeaulOj . Any two cyclic subgroups of order n inside SO{q) are 
conjugate over k (see Theorem 1 1.2p . so the centralizer of such a subgroup is unique 
up to conjugacy. By Lemma l3.2r c). it must be isomorphic to S0((— 1,/3)), which 
is a split torus if and only ii j3 — i(a; — uj~^)'^ € k^^ if and only if oj e fc (since 
Lu + Lu^^ £ k). So in general the centralizer is not isomorphic to Gm contrary to 
an assertion made in the proof of [BeaulOl Thm. 4.2] and it might have nontrivial 
cohomology. However, the final result in [BeaulOj is unaffected since the map 
H^{k, Z) — > H^{k, G) still has trivial kernel (see the proof of Theorem II. 21 below). 

We now recall some facts about the Galois cohomology of orthogonal groups of 
quadratic spaces (see [KMRTOSJ §29. E] for details). Let q be any nondegenerate 
quadratic form of dimension n defined over k. The cohomology set H^{k,0{q)) 
classifies isometry classes of n-dimensional nondegenerate quadratic forms over k, 
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while H^{k,SO{q)) classifies isometry classes of n-dinicnsional quadratic forms q' 
over k such that disc(g') — disc((7). The natural map H^{k, SO{q)) -^ H^{k, 0{q)) 
is injective. Let Dq = (Z/2Z)"^^ and D = (Z/2Z)" be the subgroups of diagonal 
matrices inside SO{q) and 0(g), respectively. We have a commutative diagram 

1 ^ Do '^ ^ D -J^L^ Z/2Z ^ 1 



SO{q)^^0{q) 
where the top row is exact. This induces a diagram on cohomology 

1 ^ H\k,Dn) ^ (fc></fc><2)« ^L^ k^'/k''^ ^ 1 



H^{k, SO{q)) ^ H\k, 0{q)) 

where p: (ci, . . . , c„) i~> ci . . . c„ is the product map. This identifies H^{k, Dq) with 
the elements (ci, . . . ,c„) G (fc^/fc^^)" such that ci . . . c„ = 1 mod fc^^. 

In what follows, we will abuse notation and refer to quadratic forms as elements 
of the cohomology sets H^{k, SO{q)) and H^{k, 0(g)). The reader should bear in 
mind that we are tacitly referring to their isometry classes. 

Lemma 3.5. Suppose that q c:i (6i, . . . , b„) is a nondegenerate quadratic form. 

(a) The map j^ takes (ci,...,c„) to (ci^i, . . . , c„6„) and consequently, i* takes 
(ci,. . .,c„), with ci . . .c„ = 1 mod fc^^, to {cibi, . . . ,c„5„). 

(b) Let q' ~ (cf) _L g and define f : SO{q) -^ SO{q') by sending 

1 



^^^' M 
The induced map /^ : H^{k,SO{q)) — > H^{k,SO{q')) sends 

q" ^ (d) ± q". 
(c) Let q' ~ (d) _L g and define g: 0{q) — > SO{q') by sending 

det M 



^■" M 

The induced map g* : H^{k,0{q)) -^ H^{k,SO{q')) sends 

q" ^ (disc(g")disc(g')) -L q" ■ 

Proof, (a) This is certainly well known; for the lack of a direct reference, we supply 
a proof using Galois descent. Let V be the fc-vector space where q is defined and 
write q = J2i ^i'^i '^ ^i*; where wi, . . . , w„ is a basis of V. 

Let c — (ci, . . . , c„) € (/c^/A:^^)" and define Si G k^ satisfying sf — Ci mod /c^^. 
Fix a finite Galois extension K/k containing the Si and set Tk — Gal(iir/fc). Recall 
that a 1-cocycle Tk -^ (Z/2Z)" representing c is given by 

o- H^ (sj;V(si), . . . , s;^V(s„)). 

Thus j*(c) is represented by a: (t n- diag(s]^ o'(si), . . . , s^^a{sn))- The quadratic 
space associated to the cocycle a can be obtained by twisting the Galois action 
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on the pair (VkjQk) and taking the FK-invariant elements. The twisted action is 
defined on w = J^i ^i^i € Vk {Xi £ K) as 



E 



'V(si)cr(Ai)wi, a e T/f, 



and V € oVk is F/f -invariant if and only if A^ — Sifi for some fi € k and all z. A 
fc-basis oi W = (aVK)^'^ is given by wi = sivi, . . . ,Wn = SnVn- The corresponding 
quadratic form is 

i i i 

This finishes the proof. 

(b) Let iq-. Do^q ^^ SO(q) and iq' : -Do,?' ^^ SO(g') be the embeddings corre- 
sponding to the subgroups of diagonal matrices. It is easy to see that the restric- 
tion f\Do,q- Do_q -> -Do, 5' induces a map F: H^{k,Do,q) — > H^{k,Do,q') sending 
(ci, . . . , Cn) to (1, ci, . . . , c„). Hence, if q" — {xi, . . . , x„) is any quadratic form such 
that disc((3'") = disc(g), it follows that 

/*(<?") = f*iiq*ixi/bi,...,Xn/bn)) = ig', (F(xi/6i, . . . , x„/6„)) = (d) 1. q". 

(c) Let jq : £>, ^-J' 0(g) and iq' : -Dq,?' ^-^ SO{q') be the embeddings corresponding 
to the subgroups of diagonal matrices. It is not hard to prove that the restriction 
glo^ : Dq -^ Do.q' induces a map G: H^{k,Dq) — >• H^{k,Do,q') sending (ci, . . . ,c„) 
to (ci . . . Cn, ci, . . . , Cn). The result follows using a similar argument to the one in 
part (b). D 

We are ready to prove the main result of this section. 

Proof of Theorem \1.2\ (a) Let H = Z/2Z be generated by diag(l, — 1, — 1) inside 
SO(q). By Lemma [3^ a), its centralizer Z is isomorphic to 0((— 6, ab)). By Lemma 
I3.5f c). the natural inclusion Z ^^ SO{q) induces a map on cohomology H^{k, Z) — >■ 
H^{k,SO{q)) sending a binary quadratic form q' to (disc(g')) _L q' . Hence, the 
kernel H^{k,Z)Q consists of the binary quadratic forms q' such that (disc(g')) _L 
q' ~ q (in particular, disc(g') G D{q)). Define a map \1/: H^{k, Z)o — >• D{q) sending 
q' <^ disc(g')- If q'^q" e H^{k,Z)o satisfy *(g') = *(q"), then {^{q')) ± q' ~ 
(^(g")) _L q" ~ g implies q' ~ q" by Witt's Cancellation Theorem, so ^ is injective. 
To prove that '^ is surjective, let d E D{q) be arbitrary. Then g = (rf) _L g' for 
some quadratic form g'. Taking discriminants yields disc(g') — d. This implies that 
g' £ H^{k,Z)o and ^(g') = d. This proves that H^{k,Z)o is in natural bijection 
with -D(g). Moreover, since the normalizer N coincides with Z(ks), the action of 
N on H^{k, Z) is trivial. This finishes the proof. 

(b) Let H = (Z/2Z)^ be the subgroup Dq of diagonal matrices inside SO(g). By 
Lemma[321Jb), we have that Z = H and the map H^{k, Z) -^ H^{k, SO(g)) induced 
by the natural inclusion sends (a;, y, z), with xyz = 1 mod fc^^, to {—ax, —by, abz). 
Therefore, {x, y, z) G H^{k, Z)q if and only if {—ax, —by, abz) ~ {—a, —b, ab), which 
is clearly equivalent to {ax, by)2 — (a, 6)2. It follows easily that H^{k, Z)o = Qa.b- 

We should now determine the action of the normalizer N on Qa.b- By Lemma 
ESIb), we have N = H » N' , where N' '^ S3. Since H acts trivially on H'^{k, Z), 
we only need to determine how N' acts on H^{k, Z)q. Recall that N' is generated 



by the matrices 








s = 


( 








u 
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i = 



-1 














— u 





-u-^ 






where u = \J—a and v = \/~^. It is not hard to see that a 1-cocycle I : Gal(fcs/fc) — > 
Z{ks) representing {x,y) G Qa.b is given by 

a^l„ ^ diag(x^ V(a;i), y^^a{yi),x^^(T{xi)y^'^a{yi)), 

where x\ = x mod fc^^ and j/i = y mod fc^^. We compute 

s~^laa{s) = diag((t;xi2/i)"V(uxi2/i), (uwxi)~V(wwa;i), (uj/i)"V(m2/i)), 

and 

r'^l„(T{t) = diag(a;;fV(xi), (ua:i2/i)~V(uxiyi), (uj/i)" V(wyi)). 

Thus, the 1-cocycles cr i— >■ s^^laa{s) and cr i— >■ t^^l„a{t) correspond to the elements 
{—bxy, abx) and (x, —axy) in Qa.b, respectively. Hence A^' = 5*3 acts on Qa.fc as 
claimed and the result follows easily. 

(c) We may assume that we are in the situation of Lemma I3.2r c). i.e., q — 
(— /3,— 7,/37) and the centralizer Z of Z/nZ is isomorphic to S0((— 7,/37)). By 
Lemma [H75f b). the natural map H^{k, Z) -^ H^{k, SO{q)) sends a binary quadratic 
form q' (with disc(g') = — /3) to (— /3) _L q' . By Witt's Cancellation Theorem, the 
kernel H^{k, Z)q is trivial and the claim follows. 

(d) We may assume that q = {—/3, —7, Pj) and H = D2n is as in Lemma [3?2r d). 
The centralizer Z = Z/2Z is generated by diag(l, — 1, — 1). Let Dq C SO(g) be 
the subgroup of diagonal matrices; the natural inclusion Z ^-> Do induces a map 
H^{k,Z) ^ fc^/fc^2 ^ H^{k,Da) sending c € k^'/k''^ to (l,c,c). Therefore the 
natural map H\k,Z) ->■ Fi(fc,SO(g)) sends c G A:^//;:^^ ^^ (-^,07,0/37). By 
Witt's Cancellation Theorem, the kernel H^{k, Z)q is given by those square classes 
c such that {—cj,cp-f) ~ (— 7,/37). It follows easily that c € H^{k,Z)o if and only 
if (1, -/3) represents c, i.e., H\k, Z)o = D{{1, -13)). 

We now consider the action of the normalizer N = D^n generated by 

° \ 

ne - 1) , t = 
e J 

(Recall that £, = {i] + ri^^)/2, where 77 is a primitive 2ri-th root of 1 such that 
1]^ — u>.) Note that H is the subgroup of N generated by s^ and t. Clearly 
the action of H on iJ^(fc, Z)o is trivial, so we only need to compute the action 
of s on H^{k,Z)o. Unraveling the identification H^{k,Z)o = I?((l,— /3)), we see 
that a 1-cocycle I: Ga.\{ks/k) — >■ Z{ks) representing c e H^(k,Z)Q is given by 
a -^ Icr — diag(l, c^^(t(ci), c^^cr(ci)), where ci G k^ satisfies cf — c mod k^^. 
Then we compute the 1-cocycle 

a ^ s-H„ais) = diag(l, (^ci)-V(fci), (^ci)-V(Cci)). 

It corresponds to the square class of (^ci)^, which is precisely ^^c. This completes 
the proof. 

(e) This is immediate from Lemma [3^ e). D 
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Remark 3.6. Suppose we are in the situation of Theorem 11.2( d) and n is odd. 

(n + l n + 1 \'^ 

uj^T- + a; — J g k^"^ . There- 
fore, the conjugacy classes of I?2n are in natural bijective correspondence with 
Z)((l, — /?)) for n odd. This is not necessarily true for even n. 

We now make the correspondences in parts (a), (b) and (d) of Theorem [L2] more 
expHcit, by exhibiting representatives for each conjugacy class. 

• Let q ~ {—a,^b,ab), let d G D(q) and let q' = {d,x,y) be a quadratic 
form isometric to q. Select P e GL3(fc) such that q — q' o P. Then 
the element d e D{q) corresponds to the conjugacy class of the subgroup 
P-^HP C SO(g), where H = Z/2Z is generated by diag(l, -1, -1). 

• Let q = (—a, —b, ab), let {x, y) G Qa,b and let q' = {—ax, —by, abxy). Select 
P e GL3(A;) such that q — q' o P. The element {x,y) corresponds to the 
conjugacy class of the subgroup P^^D^P C SO(g), where Do = (Z/2Z)^ is 
the subgroup of diagonal matrices in SO{q). Elements of Qa.b in the same 
S'3-orbit yield subgroups which are conjugate over k. 

• Let q — (— /?, — 7, — /37) and let c G D((l,— /?)). Then the quadratic form 
q' — {—/3, — C7, —cj3"f) is isometric to q, so we may select P S GL3(A;) such 
that q — q' o P. The element c corresponds to the conjugacy class of the 
subgroup P^^HP C SO{q), where H = D2n is as in Lemma r3.2f d). The 
elements c and ^y^c yield subgroups which are conjugate over k. 
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